We consider the foundations of effective lagrangians for systems with Goldstone degrees of freedom, which from the (heuristic) Weinberg power counting argument are expected to fail in d = 2 dimensions. We establish that the phenomenological pion-decay constant F π must vanish for d = 2, thereby proving the failure of effective Lagrangians here. Since for d = 2 + ǫ, the symmetry broken phase is in the strong coupling phase of the corresponding non-linear sigma model, the limit lim ǫ→0 F π = 0 must exist.
Introduction
It has been argued [1, 2] that when a physical amplitude from Feynman diagrams using the most general Lagrangian that involves the relevant degrees of freedom and satisfies the assumed symmetries of the theory is calculated, then this amounts to writing down the most general amplitude that is consistent with the general principles of relativity, quantum mechanics and the assumed symmetries. This argument (which awaits a formal proof [3] ), when suitably generalized leads to the modern effective field theory approach to the low-energy strong interaction physics [4, 5] involving the pseudo-scalar degrees of freedom, viewed as approximate Goldstone bosons of the spontaneously broken axial vector symmetry of massless QCD. A power counting argument due to Weinberg that justifies the use of effective lagrangians is a cornerstone of these techniques [1, 2] . [Recently the low-energy expansion of some interesting models in a differing context has been carried out [6] .] It has also been noted that the power counting argument is general enough to admit an analysis in dimensions d = 4, and it follows from there that the effective lagrangian analysis fails in d = 2 [4] . Our primary goal in this work is to carry out an investigation of the underlying assumptions of the low energy expansion program for systems with Goldstone degrees of freedom in order to fully understand this result.
A well-known result in d = 2, a result due to Coleman [7] and Mermin and Wagner [8] , is the failure of the Goldstone mechanism. It has been pointed out that one of the original proofs provided for the Goldstone mechanism [9] , breaks down for d = 2 [7] . These essentially result from the fact that in d = 2 that it is impossible to define a massless scalar field theory [10, 11, 12] . This result is known to be rigorously true, as it is based on the analysis of the underlying Wightman functions of field theory. Here we point out the common origins of the breakdown of effective lagrangians and the Goldstone mechanism. In this sense, our work offers a formal justification for a result which is expected to fail on heuristic grounds.
In Section 2 we discuss the foundations of effective lagrangians and the power counting argument. In Section 3 we revisit the Goldstone mechanism with emphasis on the causes of its breakdown for d = 2, by studying more than one proof of the theorem. A central result we present here is that the phenomenological pion-decay constant has to vanish in this case vindicating the expectations from general arguments, and explicitly known to be true when the non-linear sigma model is derived from the linear sigma model with spontaneous symmetry breaking. In Section 4 we discuss the relationship of our result with the established results for the non-linear sigma model for d = 2 + ǫ. In Section 5 we summarize our conclusions.
Effective Lagrangians and Power Counting
We consider the case of massless QCD with two quark flavors with the spontaneous breakdown of chiral SU(2) L × SU(2) R to SU(2) V . The Goldstone theorem then requires that the following identity be verified:
where the A i are the currents associated with the broken generators and the π a are the three pions, and F π (≃ 92 MeV in four dimensions) is the phenomenological pion decay constant. At leading order, the identify above is reproduced, due to the Lie-algebra isomorphism between SU(2) × SU(2) and O(4), by the non-linear O(4)
This yields the first term of the derivative expansion, at O(p 2 ), which is a term of 
One may eliminate I through the use of the topological identity In the notation of Ref. [7] , consider a scalar field theory described by a local scalar field φ and if j µ is a conserved current, then the scalar field defined by
where the integration is over the spatial dimensions, is such that its vacuum expectation value, for the Goldstone mechanism to succeed, should differ from zero, i.e.,
In 2 dimensions, however, it can be shown that this integral must vanish. This is related to the fact that the Wightman function:
fails to be well-defined, where η(x) describes a free massless scalar field satisfying the equation 2η = 0. In other words, it is not possible to define a free massless scalar field theory in two dimensions, and that the Feynman propagator in two dimensions ∆ F (x − y) is also not well-defined.
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Of the two proofs of the Goldstone mechanism in general were proposed in Ref. [9] , the second proof of Ref. [9] was provided by considering the effective action Γ[φ] and imposing on it the condition of invariance. Here we consider, in the notation of Ref. [2] , the case of the invariance of a field theory described by a set of hermitian fields (possibly composite) φ n , subjected to the linear infinitesimal transformations
where the t i are the generators of the underlying symmetry and the g i are the parameters that parametrize an infinitesimal transformation. The symmetry is completely described the by commutation relations of the algebra given by
where the f k ij are the structure constants of the algebra. The set of conserved currents associated with the symmetries J µ i (x) are such that:
and the corresponding charges are
which satisfy the algebra
We also have the the transformation law: 
Taking a second derivative of this expression with respect to the field, and the assumption that the potential is minimized for φ n = 0, (viz, that the symmetry is spontaneously broken) then implies:
In order for this equation to be satisfied, the matrix
∂φ n ∂φ l must have zero eigenvalues, whose eigenvectors would be inverse propagators for massless scalar fields. However, as noted earlier in d = 2 the corresponding propagators are ill-defined. It then follows that the assumption φ n = 0 we made in the first place is wrong and this implies that the Goldstone mechanism fails. This proof, however does not yield the desired result.
A third proof of the Goldstone mechanism, is the consequence of a Ward identity [13] . This is shown by considering the following time ordered product:
which satisfies the following equation for its divergence:
14)
The assumption of current algebra that the commutation rules hold at the local level, viz., 15) leads to the Ward identity
The Fourier transform of F for d = 2, the one-loop effective potential of the linear sigma model is minimized at the symmetric minimum [14] , implying that the scalar expectation value vanishes.
In this context, therefore, it is not a surprise that F π should vanish, although the proportionality of F π to the scalar vacuum expectation value is only a tree level
result.] The σ particle of the non-linear sigma model is mass degenerate with the pions, and the model can no longer be the effective low energy lagrangian of QCD in d = 2, since one of the basic assumptions, which is that Goldstone particles must be present in the spectrum is no longer true. We note however that the former has been widely studied and is an eminently sensible model even at the quantum level, exhibiting properties of asymptotic freedom [15, 16] . The latter theory has been solved exactly in the large N c limit [17] and does not warrant a low energy analysis.
2 + ǫ dimensions
Our analysis can also be confronted with what is known about the behavior of the sigma model in in 2 + ǫ dimensions [15, 16] . Recall that the pion decay constant is related to the reciprocal of the coupling constant of the O(4) sigma model which is the classical effective lagrangian describing the low energy dynamics of the Goldstone bosons. It has been shown that in 2 + ǫ dimensions, the symmetry broken phase can exist only in the strong coupling regime [15, 16] . In other words, from the arguments above, the following limit 
Conclusions
A detailed analysis of the failure of the Goldstone mechanism in d = 2, first encoded by the Coleman and Mermin and Wagner theorem, reveals through the analysis of the Ward identities of the currents, that the phenomenological pion-decay constant(s) must vanish. In this manner, the would be effective lagrangian whose structure is fixed by the symmetries and the reciprocal of the pion-decay constant, for d = 2 + ǫ goes into a strongly coupled (and indeed for ǫ = 0 exists only in a symmetry restored phase), thereby vindicating the heuristic power counting argument that says that effective lagrangians must fail as we near d = 2 for theories with pions. Our work shows the latter can essentially be justified on formal grounds in field theory.
